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Q ' Abstract 

<u : 

In this paper, we study eigenvalues of the poly-Laplacian with arbitrary order on a bounded 
domain in an n-dimensional Euclidean space and obtain a lower bound for eigenvalues, which 
generalizes the results due to Cheng- Wei [5] and gives an improvement of results due to Cheng- 
Qi-Wei [3]. 
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1 Introduction 



■ Let fi be a bounded domain with piecewise smooth boundary dfl in an n-dimensional 

\ Euclidean space K™. Let A, be the i-th eigenvalue of Dirichlet eigenvalue problem of 

the poly-Laplacian with arbitrary order: 



(— A) it = Ait, in £1, 



a flJ-i (1-1) 

ou a it 

dv dv l 



u = — — = • • • = — — : — - = 0, on dd, 



where A is the Laplacian in R" and v denotes the outward unit normal vector field of 
the boundary d£l. It is well known that the spectrum of this eigenvalue problem 
is real and discrete: 



< A : < A 2 < A 3 < > +oo, 

where each A^ has finite multiplicity which is repeated according to its multiplicity. Let 
V(f2) denote the volume of f2 and let B n denote the volume of the unit ball in K n . 

When 1 = 1, the eigenvalue problem (jl.ll) is called a fixed membrane problem. In 
this case, one has the following Weyl's asymptotic formula 

4tt 2 2 

At, ~ 5-fc", k — > +00. (1.2) 

(B n v(n))i 

From the above asymptotic formula, one can derive 
1 ^ n 47T 2 2. 

— > A, ~ =-«» , re — ?> +oo. (1.3) 



Polya [12] proved that 



4tt 2 

Afc > r fc». for fc = 1,2, ••• , (1.4) 
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if 51 is a tiling domain in R" . Furthermore, he proposed a conjecture as follows: 

Conjecture of Polya. If is a bounded domain in K™, then the k-th eigenvalue Afc 
of the fixed membrane problem satisfies 

At: 2 

X k > r fc», for k = 1,2, ••• . (1.5) 

On the conjecture of Polya, Berezin [5] and Lieb [5] gave a partial solution. In partic- 
ular, Li and Yau [5] proved that 

■i k a 2 

vYK>— — r *». forfc = l,2,--- . (1.6) 

The formula (| 1 . 3|) shows that the result of Li and Yau is sharp in the sense of average. 
From this formula (|1.6|) . one can infer 



n Air 2 2 
X k > -k~, for k = 1,2,- •• , (1.7) 

TL 

which gives a partial solution for the conjecture of Polya with a factor . Recently, 

n + 2 

Mclas [TU] has improved the estimate p. 61) to the following: 

1 A, n 4tt 2 1 V(fi) „ , . . 

T> A > > ^ - fc "+7777 ^V-FT^T-, for fc = 1, 2, • • • , (1.8) 

fc^ n + 2( Bn V(n))i 24(n + 2)J(fi)' v 7 



where 



/(O) = min \x — a\ 2 dx 



is called i/ie moment of inertia of f2. 

When 1 = 2, the eigenvalue problem (|1.1[) is called a clamped plate problem. For 
the eigenvalues of the clamped plate problem, Agmon [I] and Pleijel [11] obtained 

A fe - r fc», k -> +oo. (1.9) 

From the above formula (|1.9I) . one can obtain 

1 V"~* . Jl 167T 4 , 4 , 

- > Aj r fc«, fc^+oo. (1.10) 

fc^ n + 4( Bn v(0))^ 

Furthermore, Levine and Protter [7] proved that the eigenvalues of the clamped plate 
problem satisfy the following inequality: 

1 n 16-7T 4 4 

7 VAi> 7 r fc». 1.11 

The formula (| 1 . 10|) shows that the coefficient of fc™ is the best possible constant. By 
adding to its right hand side two terms of lower order in fc, Cheng and Wei [4] obtained 
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the following estimate which is an improvement of (|l.lll) : 

1 , n 167r 4 , 4 
T> > T k~ 

k tl ~ n + i(B n V(n))i 



n + 2 1 \ 4tt 2 n V(£l) , 2 , 

-fc- (1.12) 



12n(n + 4) 1152n 2 (n + 4) / (5„^(0))t n + 2 7(fi) 



1 1 



\ 576n(n + 4) 27648n 2 (n + 2)(n + 4) M 7(fi) / ' 
Very recently, Cheng and Wei [5] have improved the estimate 1)1.120 to the following: 



- Xi > — — T k 

k tl ~ n + 4(B n V(fi))^ 



n 167r 4 
(B n V(f 

n + 2 4tt 2 n V(fl) 

+ 12n(n + 4) (B n y(fi))S n + 2 /(fi) 

(n + 2) 2 / ygj) V 
1152n(n + 4) 2 I J(fi) J 

When / is arbitrary, Levine and Protter [7] proved the following 



k~ (1.13) 



Iy"Ai> — srifc", for fe = 1,2, • - - , (1.14) 



which implies that 



2/ 

n 71"" 



A fc > w k™, for fc = l,2,--- . (1.15) 

By adding Z terms of lower order of k^ to its right hand side, Cheng, Qi and Wei [3] 
obtained more sharper result than 1)1.140 : 

n (2tt) 2 ' 



> - — *rfc~ 



fe^ " n + 2Z(B„Wf2))f (n + 2/) 

, / np (1-16) 

X hi (24)P " •••(" + 2 P - 2 ) (B n y(i2))^ V^) ) 

In this paper, we investigate eigenvalues of the Dirichlet eigenvalue problem 1)1.10 of 
Laplacian with arbitrary order and prove the following: 

Theorem 1.1. Let Q be a bounded domain in an n-dimensional Euclidean space M. n . 
Assume that I > 2 and Xi is the i-th eigenvalue of the eigenvalue problem 1)1.10 . Then 
the eigenvalues satisfy 



- (B n v(a)y 



1 k 



^ n (2tt) 2 
k f-f ^ n + 2Z 



/ (2^) 2 ( / - 1 ) Wfi).xi-i) . x 

-ft ~ (1.17) 



24(n + 2/) {BnV{n)) ^l 

Z(n + 2(Z-1)) 2 (2ir) 2 V-V ( V(Q) \ % Hi^ 
2304n(n + 2Z) 2 { B n V(Q))^ \W) J 
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Remark 1.1. When I = 2, T7teorem ll.ll reduces to the result of Cheng-Wei 
Remark 1.2. When I > 2, we give an important improvement of the result (|1.16|) due 
io Cheng-Qi-Wei [3] since t/ie inequality (|1.17| is sharper than the inequality (jl.Kil) . 
About this fact, we will give a proof in Section® 



2 A Key Lemma 

In this section, we will give a key Lemma which will play an important role in the proof 
of Theorem O 

Lemma 2.1. Let b > 2 be a positive real number and /i > 0. Ifip : [0, +oo) — > [0, +oo) 
is a decreasing function such that 

-n < i'{s) < o 

and 

poo 

A := s b - 1 tlj{s)ds > 0, 
Jo 

then, for any positive integer I > 2, we have 



oo 

S 



^-^( S )d S >^(bA) b -^m- f 



l /, . , b+2(l-l) . , _ 2i>-2i+2 

(bA) — s — ^(o) — 5 — (2.1) 



6b(b + 2l)n 2 

l(b+2(l-l)) 2 b±21=A , 4b-2i + 



144o 2 (o + 20V 

Proof. Let 



(6A)^^V(0) — r 



<® = ~WT' (2 - 2) 

then we have g(Q) = 1 and —1 < g'(t) < 0. Without loss of generality, we can assume 

■0(0) = 1 and \i = l. 

Define 

/>oo 

A := / s 6+2 *-V(s)ds. 



One can assume that JJ>; < oo, otherwise there is nothing to prove. Since Di < oo, we 
can conclude that 

lim s 6+2 '-V0) = 0. 
Putting h(s) = —ip f (s) for s > 0, we get 

poo 

< h(s) < 1 and / h{s)ds = ip(0) = 1. 
Jo 

By making use of integration by parts, one has 

poo poo 

/ s b h{s)ds = b s^i'^ds = bA, 
Jo Jo 

and 

poo 

s b+2l h(s)ds < (b + 2l)Di, 
4 
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since ifj(s) > 0. By the same assertion as in [TU], one can infer that there exists an e > 
such that 

s b ds = / s b h(s)ds = bA, (2.3) 

J a JO 

and 

/e+l />oo 
s b+2l ds< j s b+2l h(s)ds <(b + 2l)Di. (2.4) 

Let 

0(a) = bs b+21 - (b + 2l)T 2l s b + 2W b+21 - 2lT b+2 ^ l - 1 \s - r) 2 , 

then we can prove that 9(s) > 0. By integrating the function O(s) from e to e+ 1, we 
deduce from (|23|) and (|2.4p. for any r > 0, 

6(6 + 2i)D| - (6 + 2l)r 2l bA + 2lr b+21 > i T b+2 ^- 1 l (2.5) 

Define 

/(r) := (6 + 2/)r 2i 6A - 2/t"+ 2 < + L^ 2 ^, 



then we can obtain from (|2.5|) that, for any r > 0, 

A = /°° s fc + 2 '-V(^> /(r) 

Taking 



6(6 + 20 



then one has 



b + 2(i-l) 



(2.6) 



+ -(6A) — e — i-| -± J-(bA)-b } 

6 V ' \ 12(6 + 2/) v ; J 

Next, we consider four cases: 
Case 1: b > 21. For t > 0, we have from the Taylor formula 

,2, 21 21(21 -b) , 21(21 - b) (21- 2b) , 

(! + ;)- >i + -; + A^ 2 + ^| ^ 3 

21(21 - b){2l - 2b)(2l - 3b) 4 
+ 2462 * 

and 

(1 + f) j±^a > j + 2(Z-i) + 6 f + (2(;-i) + h)(/-i) f2 

(2(f - 1) - b)(Z - 1)(2(Z - 1) + 6) , 3 
+ 363 

Putting t = h i2(b+2i) we nave from (&yl)s > — ^ ^ > | > ^ (also see [3]) that 

i < | and 6 - 2Zt > y > 0. And then, we obtain 

^ 6(6 + 20 )\ 12(6 + 20 1 ' ) 

= (b - 2li){l + 1)™ 
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>(b- 2lt) 



21 21(21 -6) 2 21(21 - b){2l - 2b) 3 



21(21 -b)(2l-2b)(2l- 3b) ^ 



> 6 



■(bA)- 



24b 4 



1(21 + b) U + 2(1-1) 
b y 12(6 + 20 

(2l-b)(8t 2 + 4lb) ( b + 2(l-l) /UA ^X 
6b 2 [ 12(6 + 2/) {hA) ) 

(21 - b)(2l - 26)(12/ 2 + 626) fb + 2(1-1) 
246 1 ^ 12(6 + 20 



(bA)~ 



and 



6 + 2(1-1) 



> 1 



6+2(1-1) 

2(l-l) + bf 6 + 2(1-1) 



12(6 + 20 



(bAY 



(2(1 - 1) + b)(l - 1) b + 2(1-1) 



b 2 



12(6 + 20 



(bA)~ 



+ 



(2(1 - 1) - 6)(/ - 1)(2(Z - 1) + 6) / 6 + 2(1 - 1) 



36 3 



12(6 + 2/) 



(bA)~ 



Therefore, we have 



f(r) = (b + 2l)r 2l bA - 2lr b+2L + -r b+2 ^ 

6 



> (bAY 



12(6 + 20 



(21 -6)(8/ 2 +4/6) / 6 + 2(Z- 1) 



66 2 



12(6 + 2/) 



(6A)" 



(2/ - 6)(2/ - 26)(12/ 2 + 6/6) f b + 2(1-1) 



246 3 



12(6 + 2/) 



(bA)~ 



I n ,, ■, b +2(i-i) 
g(^) " 



2(/ - 1) + 6 / 6 + 2(/ - 1) 
6 I 12(6 + 2/) 



(6A)" 



(2(/-l)+6)(/-l) /6 + 2(/-l) 



b 2 



12(6 + 2/) 



(6A)" 



(2(/ - 1) - b)(l - l)(2(l - 1) + b) ( b + 2(1 - 1) 



36 3 



12(6 + 2/) 



(bA)~ 



, „ ,,.++2i / ,, ,, 6+2(1-1) /(6 + 2(1 - l)) 2 6+21-4 

^ 6 + 6 (M) b + 1446(6 + 2/) (M) 6 
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where 



2l(l + b-3)(b + 2l) ( & + 2(i-l)\ 3 „ ,, b+ 2,-e 
* = S6 2 ^ 12(6 + 20 J 

Ijp + 2(1 - 1))(4(Z - 1)(2(/ - 1) - 6) - 3(2/ - 6)(/ - 6)) 
+ 7263 

(b + 2{l-l) S 



I 12(6 + 2/) 



(6A)" 



Since (L4)? > — 3— r > I > 7 and b > 21, we have 
(6+1)* 3 4 

^ 2/(1 + 6 - 3)(6 + 21) (b + 2(1 - 1) \ 3 ,. ++2.-8 

' ?1 * T26 2 ( 12(6 + 21) ) {hA) b 

1(6+2(1 - 1))(4(1 - 1)(2(1 - 1) - 6) - 3(21 - 6)(Z - 6)) 
+ 72P 

x ( WW J (M) 6 

_ 1 [96 3 + (351 - 26)6 2 + (361 2 - 901)6 + (41 3 - 361 2 + 481 - 16) 



726 3 



/ 6 + 2(1-1) ' 
I 12(6 + 21) 



/, A \ >>+2l-8 

(bA) s 



3 

b+2i-g 



1 [721 3 + (701 2 - 521)6 + (361 2 - 901)6 - 361 2 ] (b + 2(1 - 1) 
" 7263 I 12(6 + 2/) J (M) 



3 

b + 21-8 



1 [(72/3 _ 36Z 2) + ( 140Z _ 52 ;) 6 + (j2i _ 90Z)6] / 6 + 2(/ - 1) 
" 7263" ( 12(6 + 21) J (M) 

which implies 

,/ N ^ , /, ,, N b+3l I . 6+2(7-1) 1(6 + 2(1 - l)) 2 . i>+2i-4 

6 + 6 (M) ^ + 1446(6 + 21) (M) ^ ' 

Case 2: 21 2 < b < 21. By using Taylor formula, we obtain the following inequalities 
for t > 0: 

M i 2 ^ i 2l ( 2l - b h i i 21(2/ -6)(2/- 2b) ^ 

U+ j " + 6 + 26 2 + 66 3 

and 

, b+2 (i -i) 2(1-11 + 6 (2(l-l) + 6)(/-l) o 
(1 + f) — — > 1 + -i 1 + i-i L>± it 2 

(2(/-l) + 6)(/-l)(2(/-l)-6) 3 
+ 363 

Putting 
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we have 6 - 2lt > | > 0, 



b _l(^(l-l)) {bAy 



6(6 + 20 
(b-2lt)(l + t)% 



1+ 12(6 + 20 ( J 



> (6 - 2/i) 



2/ 21(21 -b) 2 21(21 -b)(2l- 2b) 3 
1 + ~b t+ 262 * + 6^ * 



6- 



/(6 + 2/) (b + 2(l- 1) 
6 I 12(6+2/) 



(2Z — 6)(8Z 2 + 4/6) /6 + 2(Z-l) 



66 2 1 12(6 + 2/) 



■(6A)- 



4/ 2 (2/ - 6)(2/ - 26) / 6 + 2(/ - 1) 



66 3 



12(6 + 2/) 



(bA)~ 



and 



6 + 2(i-l) 



> 1 



6+2(1-1) 

(1+*) 5 

2(Z — 1) + 6 / 6 + 2(/-l) 



12(6 + 2/) 



(6A)" 



(2(l~\) + b)(l-l)( b + 2(l-\) n 

^ 12(6 + 2/) {bA) 



b 2 



(2(1 -l) + b)(l- l)(2( /-l)-6) / b + 20-1) 

(. 12(6 + 2/) (M) 



36 3 



Furthermore, we deduce by using the same method as the Case (1) 

f(r) = (6 + 2/)r 2 '6A - 2lr b+21 + L T b+Ai-D 

6 



> (bAY 



l(b + 2l) lb + 2(1-1) 
6 I 12(6 + 2/) 



(bA)~ 



(2/ -6)(8/ 2 +4/6) lb + 2(1 - 1) 



66 2 



12(6 + 2/) 



(6A)" 



4/ 2 (2/ - 6)(2Z - 26) b + 2(l- 1) 



66 3 



(6A)~* 



\ 12(6 + 2/) 

2(Z- l) + 6 (b + 2(l- 1) 
6 I 12(6 + 2/) 



(6A)" 



(2(/-l)+6)(/-l) (b + 2(1-1) 



6 2 



12(6 + 2/) 



(bA)~ 



(2(1 -l) + b)(l- l)(2(l - 1) - b) I 6 + 2(1 - 1) 



3n 



36 3 



12(6 + 2/) 



(bA)~ 



, „ H-2i I 6+2(1-1) l(b + 2(/ - l)) 2 6+21-4 

6 + 6 (M) ^ + 1446(6 + 2/) (M) 6 + *' 
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where 



2/(/ + 6-3)(6 + 2/W 6 + 2(/-l)\ ,,. >+a»-e 
K = W2 |^ 12(6 + 2/) ) {M) " 

1(2(1 - 1) + b)[(l - 1)(2(Z - 1) - b)(b + 21) - 1(21 - b)(2l - 26)] 



186 3 (6 + 2Z) 



<( b + 2 «- ] A (bA)^ 



\ 12(6 + 20 



> 21(1 + 6 - 3)(6 + 21) l b + 2(/ - 1) ^ i.+2i-8 



96 2 



I 12(6 + 2/) 



Z(2(Z - 1) + b)(l - l)(2(l - 1) - 6) / 6 + 2(1 - 1) \ fhM ±m=s 
h ISP [ 12(6 + 20 J ( } 

46Z(Z + 6 - 3)(6 + 20 1(2(1 - 1) + 6)(/ - 1)(2(Z - 1) - 6) 



186 3 



186 3 



I 12(6+20 J (M) 



b + 2i-8 
5 



> 



46/(/ + 6 - 3)(6 + 20 lb(b + 21) (2(1 - 1) - 6) 



186 3 



/6 + 2(/-l)\ b + 21-8 

x h^W U bA) b 



186 3 



6/(6 + 20(6/ + 36- 14) (b + 2(l- 1)\ i 
{ 12(6 + 2/) ) { ' 



186 3 



> 



since (bA)i > — 3— j- > i. Therefore, we have 

~ (6+1)* - 3 

l-l \ ^ , M l+2i ' .... H-2(i-l) /(6 + 2(/ - l)) 2 . b + 2i-4 

f(r) > 6(6A)~ + -(6A) — s — + J: ) T~(bA) — s — . 

Jy J - V ' 6 V ; 1446(6+ 2/) V ; 

Case 3: I < b < 21 2. By using the Taylor formula, one has for < > 

n . « 2/ /(2/-6) 2 /(2/-6)(2/-26) 3 

and 

, j.+aq-D , 2(/-l) + 6 (2(1- 1) +b)(l- 1) o 

1 + i) — t — > 1 + -i 1 + ^ '— -ii 

6 6 Z 



Putting 



, 6 + 2(1-1),, 2 n 
^=T2(6W (M) b> °' 



one has 6 — 2/i > 0, 
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^ + 2q-i)) 

^ 6(6 + 20 v ' 
(6-2Zf)(l + f)* 



12(6 + 2/) V ' 



> (b-2lt) 



21 1(21 -b) 2 1(21 - b) (21 - 2b) 3 
1 + J t+ 6 2 1 + 3ft 5 1 



/(6 + 2Q b + 2(1-1) t 
6 I 12(6 + 20 

4/ 2 (2/-6)(/-6) fb + 2(1-1) 



(2/-6)(4/ 2 + 2/6) (b + 2(1-1) 



36 2 



12(6 + 20 



(6A)" 



36 3 



12(6+2/) 



and 



b + 2(i-l) 



1+ 12(6 + 2/) (M) 



6 + 2(i-l) 

= (l + t)— 5— 



2(/-l) + 66 + 2(/-l) § 
" 1 + 6 12(6 + 2/) (M) 

(2(/-l) + 6)(/-l)/& + 2(/-l) 



b 2 



12(6 + 2/) 



(6A)" 



By the same argument as the Case 2, we can deduce the following 

fM = (b+ 2l)r 2l bA - 2lT b+2L + L T b+2 V-V 

6 



> (bAY 



b _/(6 + 20^6 + 2(/-l) (Mr 



12(6 + 2/) 



(2/ -6) (4/ 2 + 2/6) / 6 + 2(/ - 1) 



36 2 



12(6 + 2/) 



(bA)~ 



where 



4/ 2 (2/ - b)(l -b) ( b + 2(l- 1) 



36 3 

I /, , .. b + 2(l-l) 



(bA)~ 



12(6 + 2/) 

2(/-l) + 66 + 2(/-l) 
6 12(6 + 2/) 



(6A)" 



(2(/-l) + 6)(/-l) (b + 2(1-1) 



b 2 



12(6 + 2/) 



(6A)" 



6(6,4) 



±21 I ,-, / ,-, i '+ 2 ''- 1 ' Kb + 2(1- l)) 2 6+2i- 



G 



(6A) 



1446(6 + 2/) 



(6A)" 



?73 



2/(/ + 6-3)(6 + 2/) ( b + 2(l- 1) 
36^ 



4/ 2 (2/-6)(/-6)/6 + 2(/-l)\ ,,.,£+2 
~ ^ 12(6+2/) 1 ( ] 



36 3 



> 0. 
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Therefore, we have 



I . . i»+2(l-l) l(b + 2(1 — l)) 2 , . b+2i-4 



fir) > b(bA)^ + - 6 (bA)^~ + \ mb + 2 ;> (bA) 

Case 4: 2 < b < I. Since 2 < b < I, there exists a positive integer fc such that 
2<fc-l<^<fc, then we have for t > that 

2Z 121 (21 \ , 121 (21 \(2l \, 



(fc + l)! & I b / I & 



. b+2i b + 2l 1 6 + 21 21 , lb + 2121 21 \ , 



1 b + 21 21 21 



21 



(k + iy. b b \ b 



(k-l)\t 



fc+1 



p=0 



9=0 



and 



n , rt i±2C-ii . 1 | 2(Z - l) + 6 1 (2q-l) + 6)2(l-l) j 
(1 + t) >1 + — t 

, 1 (2(1-1) + 6) 2(1 -1)^2(1-1) _ 1 V 3 



3! 6 6 \ 6 

1 (2(*-l) + fe)2(Z-l) ( 2(1 - 1) 

fc! 6 6 I 6 

1 (2(Z - 1) + b) 2(1 - 1) (2(1-1) 



(k + l)\ 

fe-i 



- (A; - 2) J t fc 

- (fc - 1) 



! + E (^TTill 

P =o I. ^ ; 7=0 



2(1 - 1) 



<Z + 1 U P 



+1 



fc 



2(f-l) 



(fc + illJ-M & 



-9 + 1 



Lk+l 



Putting t = b J^V (bA)-i and /(r) = (&A)^/i(r), where 



h(r) = (6 + 20(1 + *)" -2Z(l + i) £ ^ i + i(L4)-i(l + t) i:± ^ ii , 

D 
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then wc have for 2 < b < I, 



h(r) > (b + 2l)\ 1 + 



p=0 



— frf- 

n ill h 



(p + 1) 



9 =0 



-a i + j: 

I P=0 

I 



21 



-J_ff 



9 + 1 



fc-1 



1 p 



2(/-l) 



— n 



p=0 . 

'2(1-1) 



(p+1) 



9+1 



9=0 



tP +i 



9+1 



6+-(6A)-t +5: 



b + 2l 21 



n 



fc " 1 [ /(M)-* P 



p=o I 



^ (p + 1)! 6 11 \ 6 

2(1-1) 



n 

9=1 \ y 



n 



-9+1 K 



+i 



Z(6A) 



.2 fc 



n 



2(/-l) 



6(* 



9+1 



t fc+i 



&+s(m)-*-i; 



f P 2l(b + 2l) P f-r f 21 ^ 
11 T 9 



^ 6(p+l)! 11 

p=l L ' g=l 



Si 6 ^ ! 



Jz(M) 



_ 2 p— 1 

n 

9=0 



2(1-1) 



-9+1 > tP 



l(bA) 



.i fc 



n 



2(1-1) 



6(fc + l)!l = l 



9+1 



t fc+i 



6+-(6A)- 
6 



/& + 2(Z - 1) 



5 ^nc-o-i.) ^ 



p+i 



2Z) 



(6A)- 



p=l ^ 9=0 



l(bA)' 



.2 fe 



66 fc+1 (fc + 1)! 



J(2(l-l)-(q-l)b) 



9=0 



/ & + 2(l-l) 
^ 12(6 + 2/) 

'b + 2(l - 1) 



(bA)~ 



fc+i 



12(& + 2Z) 



(bA\ 



Furthermore, 
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2 



p-i 



GbPpl 



J(2(l-l)-(q-l)b) 



9=0 



66 fe+1 (fc + l)! iJ 

x ' 9=0 



JJ(2(i-l)-(g-l)6) 



b + 2(1-1) 
12(6 + 20 

'b + 2{l - 1) 
12(b + 2l) 



(bAY 



fe+i 



(bAY 



,/, A\ b + 21 1,1 ... b+2(l-l) l(b + 2(1 - l)) 2 6 + 21-4 



where 

p=2 



[ (6 + 2(J-l))2Z 
[ 12&V 

& + 2(Z-l) S " 
12(6 + 20 

/ 



p-i 



p-i 



11(20 - 1) - (q l)b) -fj U(2l qb) 



9=1 



i)+2i-2p-2 

(6A) 5 



9=1 



66 fc+1 (fc + l)! 1J 

x ' g=0 



From k — 2 < 2 ^ l b ^ < fc, we have 



II(2(i-l)-(g-i)6) 



& + 2(Z - 1) 
12(6 + 21) 



k+l 



(bAY 



< — * — < 



fc+l-i~fc+l-i fc + 1 - i 
Then, it follows from (j2~7)) that 
2(t-i) 



fc + 1 - i 



< 1, for i = 0, 1,2, • • • ,k - 1. 



Note that 
one has 



2(1 -l)-(q- 1)6 > 21 - qb > 0, for p = 2, 3, • • • , k, 



p-i 



p-i 



11(2(1 - 1) - (g - 1)6) - -E- U(2l qb) 



9=1 
P-I 



9=1 



> JX(2(Z - 1) - (q - 1)6) - U(2l - qb) > 0. 

9=1 9=1 



Therefore, we obtain 

k 



E 

p=2 



> 



(6 + 2(Z - 1))2Z 
126V 

( b + 2(l-l) \ 
\ 12(6 + 20 / 

(& + 2(Z — 1))2Z 



p-i 



p-i 



1(2(1-1) - (g- 1)6) - 1 

.9=1 P +1 9=l 



(21 - qb) 



(bAY 



24b 2 



2(1-1) 



2(21 -6) 



b + 2(1-1) 
12(6 + 20 



(bA)~ 



From 



(bAY > 



1 



1 

> -. 



(6 + 1)? " 3' 
13 



G. Wei and L. Zeng 



we have 



m > 



(b + 2(l - 1))2Z 



246 2 



2(1-1) 



2(21 - 6) 



6 + 2(^-1) \ ^ 
12(6 + 20 J y ' 



66 fe + 

Ijb + 2(1-1)) 
126 2 



i^n^-i)-(^-^)|( 



b + 2(1-1) 
12(b + 2l) 



k+l 



(bA) 



b + 2l-2k-A 



2(1-1) 



2(21 - 6) 



26 



6^n(2o-i)-(9-^)|( 



6 + 2(Z — 1) 
12(6 + 2?) 



fc-i 



„ J V " 2fc + 2 

(6A)— e— 



> 



/6 + 2(Z-l)\ ... M-»-a 

x (t^W J (6A) 6 

Z(6 + 2(Z-1)) f2/ + 26-6 
12P I 3 



26 



n 

g=0 



fc + l-g 



fc-i ■ 



, h+ 3 l -})\ (bA)^ 



12(6+20 

> l(b + 2(l - 1)) / 2Z + 26 — 6 6^ 6 + 2(Z - l)^ 2 .^.£±^6 



126 2 



12(6 + 20 



>0, 



which implies that 



« \ ^ , / , A\ b + 21 J /, H-2(i-l) Z(6 + 2(1 - l)) 2 ,, .. t+21-4 

> » + -^A) > + l 144b( ^ + 2 // (6A) * ■ 



This completes the proof of Lemma 12.1 



□ 



3 Proof of Theorem 11.11 and Remark 11.21 

Proof of Theorem \1.1[ We will use the same notations as those of [3] . In this section, 
we assume that b = n. Let (pj(z) be the Fourier transform of the trial function ipj(x), 

iuj(x), x e 0, 

(Pi(x) = < 

where Uj(x) is an orthonormal eigenfunction corresponding to the eigenvalue Xj , f(z) := 
Sj=i I"?:;' ( z )| 2 > an( i /* be the symmetric decreasing rearrangement of /. And then, we 
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can obtain from Lemma |2. II that 



fe /*°° 
V A 3 > nB n / s" +2 '-V(s)ds 

.7=1 ' ^ 



> 



re + 2 



1 + 2(1-1) 



■0(0)- 



2? 



n + 2^ 6(n + 2Z)/x 2 

T. + 2Z — 4 



^ijj - 0(0)^ 



l(n + 2(l-l)) 2 B n ^y 
lUn(n + 2Z) V 



-0(0)" 



where cf> : [0, + oo) — > [0, (27r) n V(f2)] is a non-increasing function of \x\ and 0(x) is 
defined by (^(M) := f*( x )- Now defining a function as follows: 



■1 + 2(1-1) 



n-B ra / k 



r~ + 



I Br, 



n + 2l\B n J 

l(n + 2(l- l)) 2 B n I k 
+ 144n(n + 2Z)V \ B n 



6(n + 2l)/j, 2 \ B n j 

n + 2l-A 

in -21 + 4 



(3.2) 



r 



Here we assume that I < n + 1. The other cases (i.e., n + 1 < / < 2(n + 1), I > 2(n+ 1)) 
can be discussed by using of the similar method. After differentiating (|3.2[) with respect 
to the variable t, we derive 



n + 2Z \ S„ 



2 ^ l(2n-2l + 2)( k\ "^2„+2 
6n/j 2 \^ n / 



(3.3) 



/(4n-2? + 4)(n + 2(;-l)) 2 / fc \ " 4n+4 



lUn 2 (n + 2l)fj, 4 



Putting C(t) = C'W 2 Br(B^)" i ^^ +1 and noticing that /j > (2n)- n B n "V{n)^. 
we can deduce from (13.31) 



l(4n -21 + 4)(n + 2(1 - l)) 2 / A; V 
+ UAn 2 (n + 2l)fi 4 \~B^i J 

l(2n-2l + 2) ( k 

6n(2n)- 2n B~-Vol(n) ii2 ^ 11 \ S " 

Z(4n-2/ + 4)(n + 2(Z- l)) 2 



^ 471 + 4 



< -21 



lUn 2 (n + 2l)(2Tr)- 4n B n n Vol(fl)^ 11 \ B " 



k \ ^ 4_n_+4 



(3.4) 
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Since the right hand side of (|3.4[) is an increasing function of t, if the right hand side 
of is not larger than at t = (27r) _n V '(fl) , that is 

Z(2n-2Z + 2) 2 B» 
C(*)<"2i+ ^ » w 

/(4n-2? + 4)(?i + 2(/~l)) 2 fe _ 4 g| (3-5) 
+ U4n 2 (n + 2l) " (2tt) 4 

<0, 

we can claim from fljTSJ) that £' (t) < on (0, (27r)-"F(f2)]. If < 0, then is a 
decreasing function on (0, (2ir)~ n V(H)]. In fact, by a direct calculation, we can obtain 



A 

since < 1. 

On the other hand, since < 0(0) < (2Tr)~ n V(tt) and right hand side of the formula 
p.ip is £(0(0)), which is a decreasing function of 0(0) on (0, (2ir)~ n V(£l)], then we can 
replace 0(0) by (2iv)~ n V in (|3.1|) which gives the inequality as follows: 



lA, n (2tt) 21 , 21 

- > A, > i — '- — w k~ 

kfy ~ n + 2l( Bn V(n))% 

I (2tt) 2 ^ V(Sl) 2(.-i) 

+ 24(n + 2l) {BnVm ^l I(n) 

l(n + 2(l-l)) 2 (2n) 2 ^ ( V^ V SS!=S 
+ 2304n(n + 2l) 2 {BnVm ^[l(n) ) ' " ' 

This completes the proof of Theorem 11.11 

□ 



Next we will prove that the inequality (|1.17[) is sharper than the inequality (|1.16[) . 
Proof of Remark M.'fli Under the same assumption with Lemma 12.11 let b = n and 
A = -§-, we obtain from fi > (2 7 r)- n S^"F(f2) 2 ^ 1 that 



(bA)-i i,(Q) 2 +'l (2ir)- 2n - 2 V{n) 2 +i k 2 

(n + l) V R > 



(2n)~ 2n Bn"V(n) 2Jj ^ 11 B " 



(Bn)"» 



(BnY 



then we have 



1 - 

-4- 9.7 51 



b + 2lj^ 2 (6)Pb ■■■(b + 2p- 2)fi 2 P 



(I + 1 - p) b+2(l-p) 2pb-2(i-p) 

(6A) » V(0) 5 



< 



4- 2Z ^ ffi>ft-- • 



(i + l-p) 



b+2t-4 4b-2i + 4 



6 + 2? ^ (6)P5 ...( 6 + 2 P -2)^ (M) ^ ^ (0) ^ 
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oc 1 



I — 1 V — -L b + 2Z-4 4b-2f + 4 

< 



36(6 + 2l)b(b + 2)n A ^ &>(b + 2)p 

l — l ,. 6 + 2i-4 46-21+4 



(3.7) 



66(6+20(6(6 + 2) 
By a direct calculation, we derive 

l(6(b + 2) - 1)(6 + 2(Z - l)) 2 > 246(6 + 2l)(l - 1) > 0, 

in fact, 

1(6(6 + 2) - 1)(6 + 2(i - l)) 2 - 246(6 + 2l)(l - 1) 
= 46(Z - 1)[66(Z - 1) - I] + l{6b + 11)[6 2 + 4(1 - l) 2 ] 
> 246 2 (Z - l) 2 + 4W(i - 1)[6(J - 1) - 1] > 0, 



that is, 



246(6 + 20(1-1) <L } 



Z(6(6 + 2) - 1)(& + 2(/ - l)) 2 
Therefore, we get from (|3.7[) and (|3.8[) that 

1 ^ (/ + 1— p) b+2(i-;Q 2 P 6-2(i-p) 

hT2zg (6)P b ...(b + 2pl2)^ (M) 6 ^ (0) ^ 

l — l b+ 2l-4 46-21+4 

< 66(6 + 20(6(6 + 2) - 1)^ (6A) * ^ (0) * (M) 
246(6 + 20^-1) Z( b+2 (Z-1)) 2 ^ m^±1 

Z(6(6 + 2)-l)(6 + 2(Z-l)) 2 1446 2 (6 + 2/) 2 /i 41 ; n; 



Z(6 + 2(Z-1)) 2 



b+2Z-4 4b-2Z + 4 



< 1446 2 (6 + 20V (M) ^^° ) ^ r 



Taking 



/v 



6 = n, A=— , ^(0) = {2ir)- n V(0.), ft = 2(2^)"™ vWOT*) , (3.10) 
and substituting (|3.10[) into (|3.9[) . one has 

n (2tt) 2 ' a, j (2 7 r) 2 ( ; " 1 ) 7(0) w-i) 



n + 21 (B n V(fl))% 24(n + 20 (^(fi))^ 

2 



Z(n + 2(Z-1)) 2 (2tt) 2 ('- 2 ) / y(Q) \ 2 2 (i -2) 
2304n(n + 20 2 (B n y(0))^ V^) ) 



n (2n) 21 , 2i n 



(3-11) 



n + 2Z( J B n ^(Q))f (n + 20 

/ + i-p (27r) 2 ('-p) ^ y(n) y fc 2»-p) 

p= 



§ (24)p« ■ • • (n + 2p - 2) (fln y (n)) 2fi=-l ^ j(n) 



This completes the proof of Remark 11.21 



□ 
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